In this note, we derive an approximation for the mean curvature normal vector on vertices of triangulated surface meshes from the Young-Laplace equation and the force balance principle. We then demonstrate that the approximation expression from our physics-based derivation is equivalent to the discrete Laplace-Beltrami operator approach in the literature. This work, in addition to providing an alternative expression to calculate the mean curvature normal vector, can be further extended to other mesh structures, including non-triangular and heterogeneous meshes.
Estimating the normal and curvature for a triangulated surface is necessary for many computations and simulations, such as computer graphics, reverse engineering, medical image analysis, and multiphase flow simulations [1] [2] [3] [4] [5] [6] . Various methods have been proposed and readers can refer to several review articles [1, 2, 7] and references therein. Among them, Desbrun et al. [8, 9] proposed an approximation method for differential attributes of triangular meshes. Recognizing that the normal vector and mean curvature on a smooth surface can be expressed by the Laplace-Beltrami (LB) operator in differential geometry, the authors integrated the LB operator over a control surface around a vertex of the triangulated mesh for an estimation of the local mean curvature vector. This method has since been employed in various applications, such as computer graphics [10] , artificial intelligence [11] , biomedical engineering [12] . In this note, we will present an alternative derivation for the discrete LB operator based on simple physics, namely, the YoungLaplace equation [4, 13] and the force balance principle [14] . We will also show that our derived expression is equivalent to the discrete LB method by Desbrun et al. [8, 9] .
For a system consisting two static fluids separated by an interface, there may exist a difference in fluid pressure across the interface, and this pressure difference is given by the classical Young-Laplace equation [13, [15] [16] [17] :
where γ is the tension in the interface, R 1 and R 2 are the two principal radii of curvature, and P in and P out , respectively, are the fluid pressures inside and outside of the interface.
The normal direction n of the interface points into the outside fluid (Fig. 1a) . The mean curvature H is the mean value of the principle curvatures κ 1 = 1/R 1 and κ 2 = 1/R 2 , and thus Eq. (1) can be rewritten to
The Young-Laplace equation Eq. (1) can be derived rigorously from physical principles such as the force balance and surface energy minimization [13, 18] . On a differential surface area δA, over which the surface curvature and normal can be considered constant, the pressure difference P in − P out generates a force On the other hand, for a surface discretized into triangular elements (Fig. 1b) , a nodal force F i is required on vertex x i to maintain the structure configuration under the surface tension effect in triangular elements. We consider one such adjacent element E ijk with vertices x i , x j and x k , and denote its interior angles as α, edges as l, and the outward edge perpendicular vector as t, with corresponding subscripts (Fig. 1c) . A free-body diagram is constructed for this element Fig. 1d . Here uniform force distributions of magnitude γ in the outward perpendicular directions are applied along the element edges, according to the surface tension definition [13, 19] . We then replace the uniform force distribution on each edge with two forces at the two end points of this edge [14] (Fig. 1e) :
where l ij , l jk , and l ki are the edge lengths of the element with the subscripts indicating the two end nodes of the edge. The nodal force F i,E ijk , the force resulted at vertex x i due to the surface tension γ in element E ijk , is
and using some simple geometric relations one can further simplify this expression to
It is interesting to see that the nodal force F i,E ijk at vortex x i is simply the force required to counter balance the surface tension force γl jk on the opposite edge. The total force at vortex x i is simply the sum of such nodal forces from all adjacent elements:
Considering the triangulated mesh in Fig. 1b is a discrete approximation of the original smooth surface in Fig. 1a , the nodal force F i given in Eq. (7) is therefore an approximation of the force δF due to the pressure difference over a control volume surface patch A i associated with vortex x i
Combining Eqs. (8) and (7) and canceling the surface tension γ yield the following approximation for the mean curvature normal Hn
With the nodal coordinates and connectivity available for the mesh network, the opposite edge length l jk and its outward direction t jk in each adjacent element can be readily calculated. The control volume area A i can be calculated as the modified Voronoi area [9] :
where A ijk is the area of element E ijk .
Next, we show that our approximation Eq. (9) actually is equivalent to that given by Desbrun et al. [8, 9] . Again we start with the element E ijk in Fig. 1c , and its inner angles are α i , α j , and α k at vortice x i , x j and x k , respectively. The position of the foot of altitude x f on the base |x k − x j | can be calculated from x j and x k with the distances as weight factors:
and the outward vector t jk is then
where the relationship l jk =|x f − x j | + |x k − x f | has been utilized. With this relationship obtained, we can rewrite Eq. (9) by enumerating every link instead of every element connected at the same vertex x i in the summation operation:
Here β ij and θ ij are the opposite angles of the two elements sharing the edge l ij (Fig. 1f) . This is exactly the same expression given by Desbrun et al. [8, 9] . We do not present any numerical examples for our method Eq. (9) due to the mathematical identity to Eq. (13), which has been tested in numerous studies [8] [9] [10] [11] [12] .
In summary, we have derived an estimation expression for the mean curvature vector at vertices of triangulated surfaces, and shown that our expression is equivalent to the result from the discrete LB operator approach by Desbrun et al. [8, 9] . The key idea of our method can also be extended to other non-triangular and even heterogeneous surface meshes. In such situations, instead of Eq. (6), the finite element method [20] can be utilized to calculate the nodal force due to the surface tension effect in each non-triangular surface element.
